IC/2010/022 

Phenomenology in the Higgs Triplet Model with the A4 Symmetry 

Takeshi Fukuyama/'^'Lj Hiroaki Sugiyama/'L] and Koji Tsumura^'El 

^Department of Physics and R-GIRO, 

Ritsumeikan University, Kusatsu, Shiga, 525-8577, Japan 

^Maskawa Institute for Science and Culture, 

Kyoto Sangyo University, Kyoto 603-8555, Japan 

O : ^The Ahdus Salam ICTP of UNESCO and IAEA, 

(N 
p ' Strada Costiera 11, 34151 Trieste, Italy 

<D 
^ : Abstract 

We discuss the phenomenology of doubly and singly charged Higgs bosons (of S'C/(2)L-triplet 
fields) in the simplest ^4-symmetric version of the Higgs Triplet Model. Mass eigenstates of these 
Higgs bosons are obtained explicitly from the Higgs potential. It is shown that their decays into a 






U , pair of leptons have unique flavor structures which can be tested at the LHC if some of their masses 

are below the TeV scale. Sizable decay rates for r — )• /lee and r — )• e/i/i can be obtained naturally 
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^ ' while other r — )• ££'£", fi — ;• eee, and £ — >• £'j are almost forbidden in this model. Contributions of 
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cn . these Higgs bosons to the non-standard interactions of neutrinos are also considered. 
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I. INTRODUCTION 

Two curious features of the lepton sector have been clarified by neutrino oscillation mea- 

nn 

surements [1H5|. One feature is that neutrinos have nonzero masses which are extremely 
smaller than other fermion masses. This seems to indicate that neutrino masses are gen- 
erated by a different mechanism from that for other fermions. In the Standard Model of 
particle physics (SM), fermion masses are obtained with the vacuum expectation value (vev) 



because of the absence of the 
p, [TI is a simple extension of 



of an S'f/(2)2,-doublet scalar field while neutrinos are massless 
right-handed neutrinos. The Higgs Triplet Model (HTM) 
the SM with an S'f/(2)i-triplet Higgs boson of hypercharge Y = 2 whose vev provides 
Majorana neutrino masses without introducing right-handed neutrinos. The HTM has a 
predictive phenomenology because the matrix of triplet Yukawa couplings hui is propor- 
tional to the neutrino mass matrix (Mj,)«/ in the flavor basis and Mi, is very restricted now 
by neutrino oscillation data. The characteristic particle in the HTM is the doubly charged 
Higgs boson H^^ which will be discovered at hadron colliders (Tevatron and LHC) if it 
is light enough. Tevatron has been searching for H^^ and put lower bounds on its mass, 
mH±± > 112-150GeV [8], where one of decay branching ratios (BRs) into same-signed 
charged leptons is assumed simply to be 100%. If BR{H — )■ ii') are measured, important 



information on the neutrino mass matrix will be obtained |9l-|l2|. Even though if^^ is too 
heavy to be produced at collider experiments, lepton flavor violating processes (/i — )■ eee, 
r — )• li'i", etc.) are possible if hw are sizable. Previous works for dependences of lepton 
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flavor violating processes on the parameters in M^, can be found in [13|, |14I |. 

The other interesting feature of the lepton sector is the nontrivial structure of the lepton 
flavor mixing. The lepton flavors are mixed by two large mixing angles (^23 — 45° and 
^12 ~ 34°) in contrast with the structure of the quark sector which has small mixings only. 
It seems natural to expect that there is some underlying physics for the special feature of the 
lepton flavor. As the candidate for that, non-Abelian discrete symmetries have been studied 



(See e. g., [15|] and references therein). An interesting choice is the A4 symmetry because 
this is the minimal one including the 3-dimensional irreducible representation which seems 
suitable for three flavors of the lepton. Some simple models based on the A4 symmetry can 



be found in e. g. 
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-|23|. 



In this article, we deal with the simplest A4-symmetric version of the Higgs Triplet Model 



(A4HTM). The mass eigenstates of doubly charged Higgs bosons Hf"^ are obtained exphcitly 
from the Higgs potential. We see the characteristic flavor structures of BR(if,| — t- W). 
Other exotic processes like r — ^ ££'£" are also considered. Similarly, we investigate also 
phenomenology of "triplet-like" singly charged Higgs bosons Hj.^] we refer to the mass 
eigenstates which are made mainly from triplet scalar fields as the triple-like Higgs bosons. 
This article is organized as follows. Section [III is devoted to the explanation of the 
A4HTM. The Higgs sector is analyzed in Sec. IIIH and mass eigenstates of Higgs bosons are 
obtained there. Section HVl shows phenomenology of the Higgs bosons: leptonic decays of the 
Higgs bosons, lepton flavor violating decays of charged leptons, non-standard interactions 
of neutrinos etc. We consider constraints on the model in Sec. |Vl Conclusions are given in 
Sec. IVll Throughout this article, we use the words "triplet" etc. only for the representations 
of SU{2)l and " 3-representation" etc. for the ones of ^4 in order to avoid confusion. 

II. HIGGS TRIPLET MODEL WITH Aa SYMMETRY 



The A4 symmetry is characterized by two elemental transformations S and T which 
satisfy 



S^ = T^ 



{STf 



1. 



(1) 



There are three 1-dimensional and one 3-dimensional irreducible representations. We use 
the following representations: 



1 : ^1 = 1, Tl = 1, 

1' : SI' = 1', TV = ul' 
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where u = exp(27rz/3). We refer to the basis in eq. (^ as the ^-diagonal basis. See 
appendix for another simple choice (the "T-diagonal basis"). Because of 3* = 3 in the 
S'-diagonal basis, the basis seems better than the T-diagonal one for the construction of the 
y44-symmetric Higgs potential. 
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TABLE I: The leptons and the Higgs bosons in the A4HTM. The subscript A = x,y,z denotes the 
index for 3 of A4; for example, (^xL, ^yL, ^^l) belongs to 3 while each ^al are S'{7(2)L-doublet 
fields. 

The particle contents in the A4HTM are listed in Table HI Singlet charged fermions V'lR' 
■ip2Ry and ip^j^ belong to 1, 1', and 1", respectively. Doublet fermions, "^xL, "^yL, and "^zL 
are members of 3. A 3-representation is composed of Higgs doublets, $x, $y, and $2. A 
triplet field 6 of Higgs bosons is of 1. Three Higgs triplets, A^, Ay, and A^ construct 
a 3-representation. Thus, the A4HTM is a four-Higgs- Triplet-Model and a three-Higgs- 
Doublet-Model (we may introduce an extra doublet boson for quarks). Other versions of 
744-symmetric HTM can be seen in 20|, l2l| which have six triplet fields of 1, JA 1", and 3. 



22] where A4 



The calculations in this section are almost identical to those for the model in 

is broken by vev's of gauge singlet scalars (so-called flavon). The vev's of seven Higgs fields 

in the A4HTM are taken as follows: 



{<Pl) = {<Pl) = (0^) 



^/6' 



vs 



(5°) = ^, <^°^ = ;|' (^") = (^") 



(6) 
(7) 



where v = 246 GeV. Similarly to the HTM, triplet vev's vs and f a should be generated 
by explicit breaking terms of the lepton number conservation because spontaneous breaking 
of it [24] brings undesired Nambu-Goldston bosons (so-called Majoron). The triplet vev's 
(and explicit breaking parameters for them) are taken to be real positive by using two 
phase degrees of freedom of 6 and (A^,, A^^, A^). Note that triplet vev's are constrained 



-0.0027 
0.0007 



at 2a CL (page 137 of |25|). Since 



as v' = ^v] + v\ < 3 GeV by po = 1-0004: 

the alignment eq. (E]) is invariant for acting T which satisfies T^ = 1, the A4HTM has 

an approximate Z3 symmetry which is broken only by a small va- The Yukawa terms for 



doublet Higgs bosons are expressed as 

>Cd-Yukawa = Z/l ( ^I $) ^^ir + 2/2 ( ^ $) ^.^2R + t/3 ( ^ '^) i,^3H + h.C. (8) 

The expressions (3 3)i etc. mean the decompositions of 3 (g) 3 — > 1 etc. among 3 ® 3 = 
1 © 1' © 1" © 3s © 3a (See Appendix |X]) . The flavor eigenstates of leptons^ are given by 
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The masses of charged leptons are 
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me = ^= vyx, m^ = —^ vy2, m^ 
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(10) 



^.^„ ,.„^_^.^„ ...,_^.,,. (11) 

It is worth to note that L^, L^^ and L^ are eigenstates of T for eigenvalues 1, w, and o;^, 
respectively. 

Neutrinos in the A4HTM are Majorana fermions. In general, the mass matrix My of 
Majorana neutrinos in the flavor basis can be expressed as 

M, = ?7^NS diag(mie*'^-, 7712, mge^"^^) <ns' (12) 



where rrii are real positive masses. The parameters ai2 and 032 within [0, 27r) are Majorana 
phases fl a wh,ch appear only for Majorajra particles. The standard parametrization of 

the Maki-Nakagawa-Sakata (MNS) matrix [27[, ^mns? is 
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(13) 



Cl3 513 6-*''^ 

1 

_S^3e*<5i, Ci3 

where c^- and Sij stand for cos 6ij and sin6'jj, respectively. Neutrino oscillation measure- 
ments [iHsl show 



^21 



7.6xlO~^eV^ |A777^i| ~2.4x lO^^eV^ 
sin^ 2^23 ^ 1, sin^ 2^12 ~ 0.87, sin^ 2^13 < 0.14, 



"'^ If i5 belongs to 1' instead of 1, the names of lepton flavors in eq. (UJ are changed as (e, /i, r) 
in order to keep the structure of the neutrino mixing. 
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where Amfj = mj 



ml 



In the A4HTM, neutrino masses are generated by the Yukawa terms of triplet Higgs 
bosons: 



Ct. 



Yukawa 



(vI/^)^(vI/i)^]^(za25),^ + /iA(((^L)^(^L)/3)^ {la^AU^^ + h.c, (16) 



where a and (3 stand for the SU{2)l index, a* are the Pauh matrices, and the superscript c 
means the charge conjugation. Without loss of generality, hs can be taken as a real parameter 
by the redefinition of the phase of \E'i. The decomposition indicated by [3 3].^ is the one 
which depends on the representation (1 or 1' or 1") of 6. By using Ul and triplet vev's for 
eq. (TT6ll . the mass matrix Mj, of neutrinos is obtained. The mass matrix is expressed in the 
form of eq. ( TT2|) with 
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J012 



hsvs + /iA^A, rn2 = hsvg, m^e 
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-hgvs + h^VA, 
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(17) 
(18) 



Utb is the matrix of so-called tri-bimaximal mixing 28| which agrees with eq. ( IT5l) . It is 
an attractive feature of the A4 symmetry that such a nontrivial mixing matrix can be given 
by a simple choice of the vev's in eq. (jH]) and ([7]). Two combinations of parameters are 
determined by eq. flT4|) as 

1 



\hA\vA 



hsVs cos (fA 
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Am|i - 2Aml^ ~ 3.4 x IQ-^eV, 



Amii 



2^2 v^A 



m 



31 



2Am: 



-1.8 X 10-2 eV, 



(19) 
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where (fA = arg(/;,A)- It is apparent in eq. f lT9|) that the A4IITM predicts Amg^^ > 0. Then, 
rrii are given^ by 

1 



mi 



rrir, 



rrir. 



8(l-2r)cosVA 



r \ Am^i > (0.016eV)^ 



Aml^ 



8(1 — 2r) cos^ (pA 



> (0.018eV)^ 



8(1 — 2r) cos^(y9A 



l-r\ Aml^ > (O.OSleV)^ 



(21) 
(22) 
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^ Arbitrary rui can be obtained if we introduce also 82 of 1' and 53 of 1" with a condition hs2Vs2 — hs3Vs3 
for their Yukawa couphngs and vev's [20 1. 



where r = Am'^i/Am'^i. Majorana phases are 

(1 — 2r) sin2o9A .„,x 

'^""" = - l-2(l-2.r)co!v. - <''' 

(1 — 2r) sin2o9A ^ /„^x 

tanasa = —- ^ , cos 032 < 0. (25) 

1 + 2(1 — 2r) cos^ v^A 

Numericall y, \a ?,y, — 7r| < O.lGvr. The effective mass (M,,)ee for the neutrinoless double beta 



decay (See |29[ for a review) is expressed as 



2 ; 1 l + 4r 



III. HIGGS SECTOR 

It is necessary to take mass eigenstates of the Higgs bosons in order to consider their 
phenomenology which is our purpose in this article. The mass eigenstates can be obtained 
from the Higgs potential shown in the next subsection. 

A. Higgs Potential 

Let us first remind that an expression [13] of the Higgs potential in the HTM without 
the A4 symmetry is 

VfjTM = -m2($t$) + Ai(<l>"f$)2 + M^Tr(A"fA) + A2[Tr(A"fA)]2 + A3Det(A"fA) 

+ A4($"^$)Tr(A"fA) + A5($V^$)Tr(AV*A) + ( ^;u($^iCTW<l>) + h.c. J ,(27) 

where $ and A are doublet and triplet Higgs bosons, respectively. Using these notations of 
coupling constants as the reference, we construct the A4-symmetric potential for the A4HTM 



as 



Vaartm = V^ + Vi + V2 + V3 + V4 + V5 + V^, (28) 

Vm = -ml ($t$), + M] Tt{6^) + Mi Tr(AtA)i, (29) 

^4 = A45($^$)iTr(5t(5)+A4A($^<^)iTr(AtA)i 
+ {Al^p($t$)i„Tr(AtA)i,+h.c.} 
+ A4A.. ($^$)3. Tr(AtA)3. + A4Aaa ($^$)3. Tr(AtA)3„ 
+ a4Asa ($^$)3. Tr(At A)3„ + zA4Aas ($^$)3„ Tr(AtA)3. 
+ { AL 6;, [A^« (<l>t$)3j , + Al, 6;, [A^« (<l>t$)3j , + h.c. } , (30) 

V5 = X55 ($V'$)i Tr(5V^(5) + Asa ($V^<l>)i Tr(AV^A)i 
+ {AUp($V'5)i.Tr(AVA)i, +h.c.} 

+ A5A.S ($V'$)3, Tr( Ata* A)3. + AsAaa ($V'$)3„ Tr(Ata^A)3„ 
+ ^A5Asa ($V^<I>)3. Tr(Ata^A)3„ + ^AsAas ($V^$)3. Tr(Ata'A)3. 
+ {AL(5V).4A^.(<|.V$)3j, 

+ A'5, (5ta%^ [A^^ ($t^^$)3j^ + h.c.}, (31) 

where coupling constants A' have complex values while A's are reaF . The subscripts a and 
P stand for the indices of SU{2)l. Main parts of the squared mass matrices for triplet fields 
are induced by Vm, V4, and V5, which give f^A^~A++ etc. Contributions from V2 and V3 
can be ignored because they are suppressed by small triplet vev's. The expressions of Vi, 
V2, V3, and V^ are presented in Appendix O Linear terms of triplet fields exist not only 
in Vfj, but also in V4 and V5, which affect vacuum conditions for triplet vev's. Actually, the 
democratic alignment of doublet vev's in eq. ([6]) results in the democratic one for triplet 3 
also, which conflicts with eq. ([7]). Some solutions on the alignment problem were discussed 
in 22]. We may simply assume 

vs Re(A4^ + A5J + va{\4Ass + AsAss) = 0, (32) 

and use V^ with the soft breaking of ^4 instead of the y44-symmetric V^; for example, 

V^ = — =/i5[$„$^]^(iorV)„;3 + ^/iA,(2$j,„$^^)(2cr2At)„^ + h.c., (33) 



One may rewrite V5 with ($^CT*$i3)Tr(Aj.CT'AD) = 2$^A£,A|^$ij - ($^$B)Tr(A^AD). 



where /i^^ breaks softly the lepton number conservation and the A^ symmetry'^. Redefini- 
tions of phases of 6 and (A^^, A^, A^) enable us to make fis and /iAx real positive parameters. 
Ignoring corrections due to small triplet vev's, we can have 



V = Vem ^ v^«) ^ 76(0°) 



6A/| + 3Xs45pV^ 2Re(A; 
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(34) 

(35) 
(36) 



where A45p's are defined by A4 + A5 for each subscripts; for example, A545P = A45 + A55. Small 
triplet vev's may be also the origin of the small deviation from the tri-bimaximal mixing 
(small ^13). In the following parts of this article, we just use the vacuum alignment in eq. ([6]) 
and i^^ ignoring how to achieve them. 

B. Mass Eigenstates of Triplet Higgs Bosons 



Ignoring small contributions from triplet vev's, the squared mass matrix of doubly charged 
Higgs bosons is obtained from Vm + V4 + V5 as 



(a-- a,;- A;- 6-) 



X 



/ ML,m 



'±±]21 






A45m 

21 
\ 3 ^ ^*s45m, 3 ^ '*s45m 3 



[ML]l, [ML],, \v\\U,m 



/If2 
^'^A45m 



's45m 
3 ^ \''s45m 



)*\ 



M? 



S4:5m 



J 



[M_|__|_J ^^ = —V (AAss45m + i^Asa4:5m) ; 

1 



M^m = Ml + -V^XsA^m. 
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= M| + ^t;^AA45m, 



(37) 

(38) 
(39) 



If representation of 5 is 1', also ^s must break A^ because ($q$^)i" does not contain v^ term. 



where A45m's are defined by A4 — A5 for eacli subscripts; for example, XAss45m = X^Ass 
Tfien, tlie mass eigenstates of doubly charged Higgs bosons are given by 
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(41) 



where < 9±± < 7r/4 for negative values (< 0) of the denominator of eq. (14T!) and 7r/4 < 
9±± < 7r/2 for positive values (> 0). It is understood by the approximate Z^ symmetry of 
the A4HTM that 5 is mixed with A^ = (A^; + Aj, + /\z)/w^ for which acting T gives 1 as 
the eigenvalue^. The masses rn^±± of if^ are 



m^±± 
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12|A;45„^|V+(3Mi45^ 



2\2 
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(42) 
(43) 

(44) 
(45) 
(46) 



Note that m^±± < mjj±± as the definition. These masses m^±± can be different enough 
from each other while the constraint from p-parameter does not prefer large mass differences 
between Hf^ and their triplet-like partners {H^i, H^i, and A'^j). 

Decays of H^ into same-signed charged leptons in the flavor basis are governed by the 



If S belongs to 1', the field is mixed with A,, = (A^; + cj^Aj, + ujAz)/VS which is an eigenstate of T for 
an eigenvalue w. There will be no difficulty to obtain mass eigenstates of Higgs bosons even in the model 
of [20| where S2 of 1' and (Ja of 1" are also introduced. 
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TABLE II: Eigenstates and eigenvalues of T. 
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(49) 
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(51) 



The zeros in hi±± can be understood easily by the eigenvalues of T for eigenstates Hf and 



leptons (Table [IT|) : for example, {h\±±)ee must vanish approximately because {ej))''ei,HY^ is 
not invariant for acting T. On the other hand, the values of nonzero elements of hi±± are 
the consequence of the A^ symmetry. 

Next, let us consider singly charged scalar fields also. We concentrate on the four triplet- 
like singly charged scalar, if^^. The mixing between doublet and triplet bosons is ignored 
because it is suppressed by small vev's of triplet fields^. Then, we can diagonalize the 
squared mass matrix for the singly charged ones of triplet fields similarly to the case for 
doubly charged ones. The mixing matrix with an angle Q±^ masses v(i^± , and couplings /ij± 
for \/2{hi±)u'H^^{iyeLyi'j^ are given simply by setting A5 = in eq. (I40l) - (J5T1) . Note that hs± 



^ The small vev can give a maximal mixing for neutral bosons in a special case but this does not happen 
for charged ones of the interest in this article. Phenomenology for the case in the HTM is shown in 30[. 
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0:0:2:1:0:0 
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Hf^ 


R^^ : : : : : 1 
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GL^L — ^ clcl 
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R^^ : : : : : 1 


TL -^ fJ'LGLeL 


gl^l — > eLCL 
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TABLE III: Ratios of decays of H- into a pair of same-signed charged leptons in the A4HTM. 



Contributions of H- to r 



"i" at the tree level are also shown. Note that all of H- does 



not contribute to /i — >• eee and i — t- i'^ at the tree and one loop level, respectively. The Bhabha 
scattering can be affected by H^ and H^ . 

and h4± can be different from /i3±± and h4±± in the A4HTM, respectively, while h± = h±± 
in the HTM. This is because 6± can be different from 6±± by the existence of A5 in principle. 
However, 6± ^ 6±± seems preferred because mjj± ~ m^±± (namely, IA5I <^ 1) is favored by 
the p parameter. 

The mass eigenstates of the triplet-like neutral Higgs bosons are shown in Appendix [D] 
for completeness. 

IV. PHENOMENOLOGY OF HIGGS BOSONS 

We assume that some of exotic Higgs bosons are light enough to be detected in collider 
experiments and to give sizable effects on some processes^. In this section, we first list up 
exotic processes which are possible with H^ and the triplet-like Hj.^. Then, constraints 
from these processes are considered in the next section. 



^ Even if Ms and Ma are very large, the leptogenesis with the decays of triplet bosons [3l| does not happen 
in this model because their decays into ^^ have individual final states as we see in eq. (|16p . 
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A. H— -^ W 

The ratios of the branching ratios BR^/ = BR(iJ — > ii') are shown in Table IIIII We 
used 

D±± ^ |2/iac±± + ^/3hsS±±\'^ .^ ^ \2hAS±± ~ y/3hsC±±\'^ 

2\hAC±± - ^/3hsS±±\^ 2\hAS±± + y/3h5C±±\'^ 

where c±± = cos6'±± and s±± = sin6'±±. It is clear that each of Hf^ has only two decay 
modes into a pair of same-signed charged leptons. For a simple case with tan2^-|-± = 0, one 



'/^r 



of Rf^ and R^^ becomes 2 while the other is 1/2. Then, the Hf^ which gives BRee/BR 
1/2 can be identified as the 5^^ boson^. An interesting point is that decays of H^^ and 
H2 give BR^^ 7^ BRt-t- and BRe^ 7^ BRgr in contrast with the case for the HTM in which 
BR^^ ~ BR^T- and BRe^ ~ BRer- If m^±± = m^±± which is realized at A4Asa = AsAsa, the 
sum of BR«/ of Hf^ and H2^ gives BR^^ = BR^,- and BRe^ = BRgT-. 

If decays of H^ are dominated by leptonic ones, the A4HTM gives sharp predictions for 
BR's themselves as 

BR{Hr -> e/i) = y, (53) 

BR{H2~ ^^^^l) = |, (54) 

BR[Hr ^ ee) = I ^/^ac.. + y/S /.,.,, ^ 
6|/iaP4± + 9|/i5|24±' 

BR{Hr -. ee) = ''^^^^^ ' ^^^^^^'' , (56) 

0|ftA| S_|__|_ + y|ft5|^C_|__|_ 

where modes involving r are omitted. Especially, 2/3 for BR^^ is too large to be reached 



in the HTM where BR^^ < 0.47 10|. It is possible to have a large BRge which can not be 
explained by the HTM where BRee "^ 0.49; for example, the decay of Hf^ gives BRgg = 2/3 
for 9±± = and BRee = 1 for /iac±± = \/?)hss±±. Even if BRee turns out to be very small, 
it does not result in a very small decay rate of the neutrinoless double beta decay (For the 
case in the HTM, see e. g., [32| and references therein). Unfortunately, it seems difficult to 
extract the information on 0a = arg(/iA) from BR«/. 



Decays of (5±± of 1' or 1" also gives BRee/BR^^ = 1/2. 
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B. r 



w. 



and others 



The third column of Table IIIII shows possible r — )■ ££'£" with Hf"^ mediation at the tree 
level. The most important point is that H^^ do not cause /i — )■ eee at the tree level, for 
which the experimental constraint is very stringent as BR(yU — ?■ eee) < 1.0 x 10^^^ 33|]. The 
radiative decays £ — > £'7 at one loop level with H^ are also forbidden. The eliminations of 
these lepton flavor violating decays can be understood as the consequence of the approximate 
Z3 symmetry of the A4HTM. Therefore, we can naturally expect signals of r — )■ ££'£" in 



the future in collider ex per iments (Super-KEKB [3^, super B factory [35|, super flavor 



factory 36|, and LHCb |37|) without caring about current constraints from /x — )■ eee 33 1 



and a — )■ £'7 [38|, |39| . It is a good feature of the A4HTM that the model will be excluded if 



/i — 7- e7 is observed in ongoing MEG experiment [40| . Only H^ and H^ can give a sizable 



m- 



r±± 



r — ;■ /iee in this model while r — )■ e/x/x (which is possible with H2 ) can be affected also by 



neutral components of doublet flelds 16|. Since H^ does not contribute to r — )■ ££'£" also, 
constraints on its coupling comes only from processes given by Hf if other Hf^ are heavy 
enough. The Bhabha scattering (ee — )• ee) can be contributed by Hf^^ and H^^ . 



H. 



T 



Table [IV] shows the processes to which the triplet-like Hrp^ can contribute. The second 
column presents ratios of the branching ratios BR^;^ = JiYi{H^ — )■ Iv) where the flavors of 



neutrinos in the flnal state are summed up. For decays of Hj,.:, and Hj,. we used 



K 



± 



|2/iac± + y/?>hss±\ 



Ra 



\2h/^s± — \/3hsc±\'^ 



(57) 



2\hAC±- V3hss±\^ 2\hAS± + V3 hsc±\^ 

where c± = cos9± and s± = sin^-t. Similarly to the case for if^^ decays, Hrp^ and Hj^^ 
give BR^,^ 7^ BR^i, while the HTM gives BR^,^ ~ BRt-j,. Decays of degenerate H^^ and H^2 
result in BR^,^ = BR^-^. It is found that BRe,y can be larger than BR^;^ (= BR,-,^) for H^^ 
and H^^ although the neutrino masses rui in this model give Amg^ = ml — vn\ > 0. This is 
in contrast with BRe^ < BR^^ in the HTM for Aml^ > ^]. 
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eu : fiv : tv 


fi — >■ eviVi' 


r — ^ £i/^z^^ 
(coherent) 


matter effect, 
ue — ;> ue 


^Tl 


1:1:4 


jl — )• eVeV^ 


none 


MM 


T2 


1:4:1 


fl -> eu^i^r 


T — )• ePe^^T 


4. 


f7-± 


2i2^ : 1 : 1 


/x — ;> e^T-z^e 


r -> flU^Ur 


eL 


^T4 


2R^:\:\ 


// — ;> e^T-z/e 


T -^ flUf^Ur 





TABLE IV: Ratios of decays of the triplet-Hke Hj,- into a charged lepton and a neutrino are 
summarized, where the fiavors of neutrinos are summed up. Possible decays of fi with Hj,^ me- 
diation are also presented. The fourth column shows r decays which are coherent with the ones 
in the SM. The last column shows contributions of Hj,- to effective interactions which relate to 
the non-standard matter effect for the neutrino oscillation and the elastic scattering of i' on the 
electron. 



D. fi ^ evv and r 



euiy 



The third column of Table HVl shows /i — )■ euiu^^ which are possible with the H^^ mediation. 
It is important to note that H^- can not contribute to £ — )■ £'7 at one loop level. Only H^^ 
gives the coherent decay with the standard one of the W boson exchange, which can be 
larger effect than incoherent ones in principle. Of course, we can not find anything new in 
the standard fi decay itself because new effects are absorbed by the experimental definition 
of the value of Gp- Incoherent ones given by other Hj,^ affect measurements in the future 
neutrino factory where the neutrino beam is produced by the fi decay. Neutrinos from the 
standard /i~ decay give signals of /i~ and e"*" at the near detector. Non-standard effects 
on the neutrino production 4l| will be observed at the near detector as the signals of the 
wrong-signed muon (for Hrp,^) or the wrong-signed electron (for Hj,^ and Hj,^) if the detector 
can discriminate the charge and flavors. 

The fourth column of Table HV] is for r — t- luiUj. which are coherent with the decays via 
W^ mediation. Note that each H^^ contribute to a decay of /i or r coherently with the 



W contribution. Thus, there can be a sizable difference between effective couplings G 



fie 



[= Gp) and Gri which are determined by yU — t- euu and r — )■ iuu, respectively. The effective 
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coupling G^g = ^ G^g^£/ is given by the effective interactions 

2v^G'^e«, im^PLl^) {e^PLi^e') , (58) 

and Gre are defined by the similar way. The contribution of W^ to G^eW is Gj^^^, = 
f7^/(4A/2m^), where g denotes the gauge coupling constant of SU{2)l and mw is the mass 
of W^. In the A4HTM, contributions of Hj,^ to G^eW can be expressed^ as 

{hi±)l'^{h*j^)le 






'-Ti 



E. Non-standard interactions of neutrinos 



During the propagation of neutrinos in the ordinary matter, the coherent forward scat- 



tering of them on the matter (e, m, and d) affects neutrino oscillations 42|, |43|. The so-called 



non-standard interaction (NSI) of neutrinos can give the non-standard matter effect on the 



neutrino oscillation 



42 



44| . The relevant effective interaction for that is 

2V2GFe{^ [lYPf) {i^n^Pii^e) , (60) 

where / = e,u,d and P = Pl,Pr. The interaction eq. ( 160|) is defined just for the non- 
standard one, which should be added to the standard one of the weak interaction. Although 
eq. (I60p is written in the form of the neutral current interaction, the effective interaction can 
be given by the charged scalar mediation also because of the Fierz transformation^^. The 
triplet-like Hr^^ in the A4HTM can generate e^^, with only the left-handed electron for only 



f'as 









The last column of Table IIVI shows e^^^ induced by each Hj,^. Possible sizes of e^^^ are 
shown in the next section by considering other constraints. Contributions of the doublet 
like charged Higgs fields to e^^^ are negligible because Yukawa couplings appear as m'l/v'^. 
The elastic scattering of neutrinos on the electron is affected also by e^^,^ . A study on the NSI 



9 Note that 2[u<^PLy){ePBy1) = {Va^PLy){ei^PLVi>). 
10 Note that 2{v<l,PLe){ePRvl) = {n^'PLe){-a^,PLVl>). 
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in the HTM for the matter effect and the neutrino production (See the previous subsection 



also) can be seen in 45|. Model- independent constraints on the NSl for the matter effect 



can be found in 46|. 



F. Doublet Higgs sector 

Contributions of doublet-like Higgs bosons to the flavor violating decays of charged lep- 
tons are the same as the ones in a model discussed in |16| (See also 23j). Two combinations 
$,, = ($^. + u'^^y + uj^z)/\^ and <l>f = ($^ + co^y + uj^^z)/V^, which have no vev and 
no contribution to the mass matrix of charged leptons, can cause flavor changing neutral 
currents. The largest contribution of doublet-like neutral Higgs bosons (real and imaginary 
parts of (0° + 0°)/v^ and (— ^0° + i(p^)/\/2) is to tr — )• eTyUL/i/j for which the Yukawa 
coupling appears as m^mT-/v'^. There is no contribution to /i — )■ eee and I — )• £'7 because 
of an approximate Z3 symmetry. The quark sector can be just like the SM one, which is 
described by only 1-representations with an additional Higgs doublet field $q as mentioned 
in [l6|. The phenomenology of $q and $5 = {(^x + ^y + $z)/\/3 is almost identical to a type 



of the two-Higgs-doublet-models, which can be seen in J47H50|. 



V. CONSTRAINTS 

In this section, constraints on the model and future prospects are considered. We assume 
that one of H^^ is much lighter than the others for simplicity. Then, one of H^^ should be 
light also because large mass sphttings are disfavored by the p parameter. 

A. Case of light Hf^ and H^^ 

If only Hf^ is light enough among Hf^^ there is no constraint on the model from 
r — > ££'£". Since Hj.^ also must be light enough in this case, a constraint comes from 



± 



-,H, 



^^^ = ^—^ = ^^ ,^^' ^ = 1.0012 ± 0.0053 (p. 512 of ^25.]), (62) 



Gp ^G^ + G^I)^ ^F 



where G^ and G^/ indicate contributions of W and H^ to G^/, respectively. We obtain 



rrir/i ^2 



I/^aI^ < 3.4 X 10-2 (^^^) (90%CL) (63) 
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The coefficient of NSI relevant to the matter effect for the neutrino oscillation is con- 



.m 



strained by eq. (I63l) as |e^^| = \G^e /Gf\ < 3.8 x 10^ which is smaller than the expected 
sensitivity (~ 0.1) |5l| in the neutrino factory. There is no effect on the production of the 
neutrino beam. 

B. Case of light H^^ and H^^ 

If H2^ is lighter enough than other Hf"^^ a constraint on the model is given by 



\h I 
BR(r -> e^ifi) = ' ^' — BR(r -^ /iz/„z/,) < 1.7 x 10"* (90%CL) |52|, (64) 

36Gpm! i± 



'f"'h. 



T2 



m^±± ^ ^ 



where BR(r — )■ /iz/^z/^) ^ 0.17. We have 

\h^\' < 2.0 X 10-3 (^^5^J (90%CL). (65) 

Another constraint on |/;,a| can be obtained by C^^/G"]^ = 1.0012 ± 0.0053 as 

\h^\' < 4.4 X 10-2 [■^^^) (90%CL), (66) 

although this is weaker than eq. ( I65l) because 'mfj± should not be very different from mfj±± . 

The effective coupling G^eer for fi — )■ eue^r is constrained by eq. fl65|) with mfj± ~ m^±± 

as IG^eer/Ci?! < 2 X 10~^ which can be around the expected sensitivity at a near detector 



of the neutrino factory 45|]. The non-standard matter effect with e^^ is too small to be 



observed in the neutrino factory because eq. (!65|) results in e^^ < 10 ^. 

C. Case of light Hf^ and ^^3 

Let us remind that we have defined as mjj±± < m^±± . If H^ is very heavy, a relevant 
constraint is 

■3±±)ee 

AGlmt 



BR(r ^ /lee) = ,7,7 4 BR(r ^ /iz/^i/,) < 1.5 x 10-^ (90%CL) [5^, (67) 



^3 
which results in 

|(/^3±±).^ (/^3±±)ee| < 6.3 X 10"^ — ^ (90%CL). (68) 



300 GeV 
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The constraint on |(/i3±±)ee| itself is given by the Bhabha scattering 53|]. For example, we 
have^^ 

\{h3±±)ee\ < 0.3 (90%CL, m^±± = 300 GeV). (69) 



For h3±, a constraint conies from G^ JG"]^ = 0.981 ± 0.018 (p. 512 of 25|), and we have 



,2 _ __W ^H^ 



2 



|(/^3±).,r < 1-6 X 10-=^ ( ^^^ ) (90%CL). (70) 



The LSND result 



5^ on z/gC elastic scattering, a^^^^ = (10.1 ± 1.5)E^^(MeV) x IQ-^^cm^, 



can be translated into a constraint egf^ < 0.11 at 90%CL [46(. A comparable constraint on 



egf^ was obtained with solar and reactor neutrinos 55|. The constraint egf^ < 0.11 can be 



written as 



^H$ 



2 



|(^3±)eer<0.33^^^^J (90%CL). (71) 

For mjj± ~ mjj±± (namely, \\^\ <^ 1 and then hi± ~ /ij±±), the effective coupling G^ere 
for /i — )■ ez/^i^e is constrained by eq. f l68|) as Gi^^ere/Gp ^ 2 x 10"'^. Constraints of eq. f l69|) and 
( ITTl) on the non-standard matter effect are comparable (e^f^ < 0.1). These non-standard 
effects can be close to the expected sensitivity in the neutrino factory. 

VI. CONCLUSIONS 

In this article, we investigated the phenomenology of triplet Higgs bosons in the simplest 
y44-symmetric version of the Higgs Triplet Model (A4HTM). The A4HTM is a four-Higgs- 
Triplet-Model {5 of 1 and (A^, A^, A^) of 3). Four mass eigenstates of doubly charged 
Higgs bosons, Hf^^ are obtained explicitly from the Higgs potential. We also obtained 
four mass eigenstates of the triplet-like singly charged Higgs bosons, H^^^ for which doublet 
components can be ignored because of small triplet vev's. 

It was shown that the A4HTM gives unique predictions about their decay branching 
ratios into two leptons {H^ — )■ W and H^j, — )■ £z/); for example, the leptonic decays of H2 
are only into ^^ and er because an approximate Z3 symmetry remains, and the ratio of the 



^^ The bound at 95%CL in [53| is translated naively to the bound at 90%CL by a factor of 1.9/1.6, where 
95%CL and 90%CL correspond to 1.9cr and 1.6cr, respectively. 
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branching ratios is 2 : 1 as a consequence of the A4 symmetry in the original Lagrangian. 
Therefore, it will be possible to test the model at hadron colliders (Tevatron and LHC) if 
some of these Higgs bosons are light enough to be produced. 

Even if these Higgs bosons are too heavy to be produced at hadron colliders, they can 
affect the lepton flavor violating decays of charged leptons if the triplet Yukawa coupling 
constants are large enough. It was shown that there is no contribution of these Higgs bosons 
to /i — > eee and i — )■ £'7. Thus, we can naturally expect signals of r — )■ /lee and r — )■ e///x 
(which are possible in this model among six r — ?> ii'i") in the future in collider experiments 
(Super-KEKB, super B factory, super flavor factory, and LHCb) without interfering with 
a stringent experimental bound on /x — )■ eee. This model will be excluded if £ — )■ £'7 is 
observed. 

We considered current experimental constraints on the model and prospects of the mea- 
surement of the non-standard neutrino interactions (NSI) in the neutrino factory. If H^^ 
or iJg is lighter enough than other H^ , effects of the NSI can be around the expected 
sensitivity in the neutrino factory. 
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Appendix A: Decompositions 

For a = (ttx, ay, az)'^ and b = {px, by, bzY of 3 in the 5'-diagonal basis of eq. ([5]), we used 
(a6)i = a^bx + ayby + a^b^, 



ab)v = a X'b = axbx + uj ayby + ujazbz, X' 



(\ 0^ 

^2 

w 
/ 



\ U U w / 



a6)i// = a X"b = axbx + uayby + u azb^, X" 



1 0^ 
w 
\ w^ , 



(a6)3, = [a^Vsxb, a^Vsyb, a^Vszb^ 

= [aybz + azby, a^bx + axbz, axby + aybxj 



V sx — 



^0 0^ 




rooi\ 


1 


, Vsy^ 





.0 1 0, 




U 0, 



, Vsz = 



^0 1 0^ 

1 

, 0. 



{ab)s^ = i^a^Vaxb, a^Vayb, a^Vazb) 

= [aybz - a^by, azbx - axb^, axby - aybxj 



/ n n n\ 



K: 



, Vc 




1 
0-10 

If we use a T-diagonal basis defined as 



ay 



ij' ^ Ux 



f/r3, Ur = ^ 



V3 



fo -l\ 


ylO Oy 



A 1 l\ 

1 u"^ u 

\1 U iJ^ j 



, Va. 



/ 1 o\ 

-10 
\ / 



O Of — — 



/ 



v 



-12 2 
2-12 
2 2-1 



>T, 



r3 



T 



A 0^ 

a; 
\ u? j 



3t, 



(Al) 
(A2) 



(A3) 



(A4) 
(A5) 



(A6) 

(A7) 



(A8) 



(A9) 



there are two kinds of decompositions: 3t ® 3t = 1 © 1' © 1" © 3ts © "^Ta and 3^ © 3t = 
1 © 1' © 1" © 3t © 3^. Note that 3^ © 3^ = (3r © 3r)*. For ot = {a^^a^^acf and 
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br = {b^, bri, b(^Y i'^ the T-diagonal basis, decompositions for 3^ ® 3t are given by 

(l o\ 

1 



,T^ 



3t ® 3t — )■ 1 : ttrpEgbT = a^b^ + arpc + o,cp 



Tj) ^S 



(AlO) 



3t (X> 3t' — )■ 1' : ttrp S'j, 6r = ci^brf + a^6^ + a^^b, 



'C' ^. 



3t ® 3t -> 1" : a^ S" 6^ = a^6^ + a^6^ + a^6g, S" = 



yOlOy 

/^O 1 o\ 

1 
yOOly 

/o A 

1 
ylOOy 



(All) 



T 
'T I 5 



/ -1 o\ 



Kc = 



'20 ^ 

0-1 
yO -1 y 



. K 



s»7 



-10 
\ 2/ 



, Kc^ 



-l\ 
2 
y-l y 



3t ® 3t -> Sra ■ [a^ K^ &t, a^ Kr, &t, a^ Kc brj > 



Kf 



/o 





o\ 








—i 


V" 


i 


V 



) ''arj — 



/o 


— i 


o\ 


i 








1° 





°/ 



Kc = 



, VaC 



/o 





A 











v-^ 





V 



(A12) 

(A13) 
(AM) 
(A15) 
(A16) 
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On the other hand, decompositions for 3^ ® 3t are given by 

A o\ 



3^ ® 3t ^ 1 : CL' 



3^ ® 3t ^ 3;. 



T 



1 



bx = a*^b^ + a*6^ + a^6^, 



3r (8) 3t ^ 1' : at S' 6t = aj&r, + albc + a%, "' 



Ijn ^ Uy = UcUri -|- UjjO'c^ -r U(-L'5, 



35. ® 3t ^ 1" : a:^ E" br = a^&c + «^^5 + ^c^'?' ^'' 



^0 1 0^ 
1 

fo l\ 

1 
yOlOy 



3;.®3t^3t : (a^^V^foT, a^^Kj&T, 4'^C^T 
(a:^\/5*6T, 4K;&t, a^^^*feT 



'^l o\ fo cu^ 0^ 



V; = 



w 
u;2 



, K, 



1 
w 



/n n,A 



> Vc 



uj 

cu^ 

1 



(A17) 



(A18) 



(A19) 

(A20) 
(A21) 

(A22) 



Appendix B: "Fierz transformation" 



We show useful relations to construct the A4-symmetric Higgs potential, which are similar 
to the famous Fierz transformation for the four-fermion interactions. We need not to use 
the relations explicitly but we should keep the existence in our mind in order to reduce the 
number of terms in the Higgs potential. Let (pi {i = 1-4) wave functions of 3 in the basis 
of eq. ([5]). For terms involving three (pi, we have 



[<Pi{hh)s,]-^ 

[01(0203)3.] 1^ 




(Bl) 
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Thus, we can concentrate ourselves to one of the sets of the decompositions, 0i(0203) or 
(0102)03- Similar relations for the term involving four 0, are obtained as 



n(P2)lW3(P4.)l, [,(PlV2)l'[,(P3(P4,)l", y(Pl(P2)l"Wi(P4.)l', \ [,(PW2)3s\.(P3(P4.)3 



l(P2}3aW3(Pi)3a , \y(Pl(P2)3sy(P3(P4:)3a , \WlV2)3aW3(Pi)3 



u 

4 
4 



1 
12 



4 
4 
4 



4 6-6 \ 

4 -3 3 -3iV3 3iV3 
4 -3 3 3iy/3 -3iV3 



-4 



-4660 

-8 4 4 6 6 

UVS -AiVS 6 6 

\^ -AiVS MV3 6 6 J 



1 \ 



0104)l'(0302)l' 
0104)l"(0302)l 
^104)3.(0302)3. 
^104)3„(0302)3„ 
H04)3.(0302)3„ 
\ (^10104)3, (0302)3. j / 



.(B2) 



These relations are obtained by the "Fierz transformation" for 3x3 matrices: 

(0ir>2)(03(r^y04) = 5^(0iM^.04)(03(r^)V2), m^. ^ rr\r^)\ (B3) 

1 



^^ = ^ 7!^' 7!^'' 7!^"' 7!^^^' 7!^"' 7!^^^' 



^K., ^K„ ^K. r , 



(B4) 



where / is the identity matrix and F* give the complete set of 3 x 3 matrices which satisfy 
Tr(r'(r'')"'') = 6^K Definitions of the matrices of F* are shown in Appendix lAl 

Appendix C: Higgs Potential 

We show for completeness the parts of the y44-symmetric Higgs potential, which are not 
used in the main part of this article: 

\/i = Ai[($t$)i]' + Aip($t$)i,($t$)i„ 

+ Ai..(($t$)3^($t$)3j^ + Ai,4($t$)3^($t$)3j^ 

+ ^Ai,,($t$)3^($t$)3^^ (CI) 
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V2 = \2s[Tt{6H)] 



+ A2A[Tr(AtA)i]' + A2ApTr(AtA)i,Tr(AtA)i» 

+ \2Ass (Tr(AtA)3. Tr(AtA)3.)^ + \2Aaa (Tr(AtA)3„ Tr(AtA)3„)^ 

+ i\2Asa (Tr(AtA)3.Tr(AtA)3„)^ 

+ A25A1 Tr((5t5) Tr(AtA)i + A25A2 iS;j^,) (A^s^A;:,^)! 

+ {A25A3 i^U:^) [A^.A^^]^ + h.c.} 

+ {K5AsS*fia[^l3a{Al^A^^)s^]^ + h.C.} 

+ {KsAaS;^ [A^«(A:^A^,)3.], +h.C.} , (C2) 



+ 1a3a {[Tr(AtA)i]^-Tr([(AtA)i]^)} 

+ i A3Ap {Tr(AtA)i, Tr(AtA)i. - Tr((AtA)i, (AtA)i.) 
1 ^ 



+ |A3A..{(Tr(AtA)3.Tr(AtA)3j,-Tr((AtA)3.(AtA)3jJ 

+ |A3Aaa{(Tr(AtA)3„Tr(AtA)3j,-Tr((AtA)3„(AtA)3j,} 

+ ^ A3A.a {(Tr(AtA)3. Tr(AtA)3j, - Tr((AtA)3. (AtA)3j J 

+ ^ A35A1 {Tt{6^S) Tr(AtA)i - Tr ((^t^) (AtA)i) } 

+ I A3,A2 {6;^{A^^A:^),6^, - Tr(5t(AAt)i5) } 

+ {^ A'3,^3 [{6;j:^) [A^^A^,]^ - 5;,<5:4A^,A^„]^) + h.c.} 

+ {jKsAs{s;a [A^.(A:^A^,)3j, - 5;, [A^,(A:^A^«)3J,) + h.c.} 

+ {\^'3SAaS}a [A/3«(A:^ A^^)3 J , + h.C.}, (C3) 

V; = -= /i5 [$a$/3] 1 (i^'5^)a/3 + ^K /^A (($a$/3)3. (i^'At)^/?) ^ + h.C. (C4) 
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Note that V3 can be rewritten in term of the determinant by using 
Tr(Al4AB) Tr(Aj,Az5) - Tr ((At^AB)(At^Az5) 



(At,As)n (Al,A^ 
(Af,A^)2i (Aj,A 



12 
DI22 



+ 



(A^Ab)21 (A^Ab)22 



(C5) 



Appendix D: Masses of triplet-like neutral Higgs bosons 



Since fields in the T-diagonal basis have Zs-charges, they can not be the mass eigen- 
states for neutral particles while they turn out to be the ones for charged particles. We 
show here that the mass eigenstates of the triplet-like neutral Higgs bosons just for the 
completeness, which seem the most complicated ones in the A4HTM. We assume that 
there is no large mixing between triplet and doublet fields, which is possible with small 
triplet vev's in principle (See 30|] for the case in the HTM). The squared mass matrix for 
{Re{Ar,), • • • , Re{6), Im(A^), ■ ■ ■ , lm{6)) is given by 



/ 



A/f2 
^'^TCPC 
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^A45p 
-jU AAss45p 
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|v2Re(A;45p) 



(D2) 



/ 
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1 ^,2\ 
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s45p/ 



s4:5pi 
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3 
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(D3) 



/ 



ML„ = M^ + 4rV^Xs 



1 



ML..„ = Mi + ^v^Xi 



1 



'545p = ^'^5 -1- — t^ ^545p, ^l'JA45p = ^^^A "^ y'^ AA45p, (D4) 

where A45P are defined as A4 + A5 for each subscripts. The squared mass matrix M|iq can be 
diagonalized as OtoM^qO'^^q by the orthogonal matrix Oto'- 



Or, = OtsO 



O 



Ts^Asa 



TCPC 04x4 
04x4 OtcPC , 



(D5) 
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The mixing angles are defined as 



tan 29 TO 
tan 29ts 



2V3vHm{K,,^) 



(3M2 



3M|45p + 2v^Xass45p) cos2^to + 2v^t;2Re(A',45p) 



(D8) 



sin 2^7 



(D9) 
-.(DIO) 



'A45p ~ '-'^"545p "T ^'^ ^^Ass45p; ^wd ^i/j y "T ^ V <-> f^ ^^^K^^siSpJ •^m ^>7T0 

Note that maximal mixings in O^sa appear only for the case that the squared triplet vev's 
(which we ignored here) are much smaller than v'^XAsa45p] if not, Oasq is almost the unit 
matrix. 
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The mass eigenstates and their masses are obtained as 

T 



( ffO ... ffO ao ... 40 V 

= Oto (Re(AO), • • • , Re(<50), Im(AO), ■ ■ ■ , Im(<50))^ , (Dll) 



'^HO,^ - ^AO,^ - ^A45p 3 



2 2 

^T2 T2 



m?jo = m^ 



T^ ( '^Ass45p + V 3AAsa45p j 5 (^12) 

^A45p T"" ( -^Ass45p ^ V 3AAsa45p j , (D13) 



1 



- {Ml,^ + Ml,,^ + 2\^,,,,y - 3Am^) , (D14) 



_ 2 _ 1 

jo — rrij^o — — 

^T3 T'i 5 



^K. = ^AO, = "^ (^'45p + ^Lsp + '^^Ass45pV' + SAm^) , (D15) 



3Aml = { (3Ma45p - 3M545p + 2AA,,45pt^2^ ' + 12|A;45p| V} ' • (D16) 

Of course, Hj.^ and Aj.^ become the CP-even and odd neutral Higgs bosons, respectively, if 
M^QPY vanishes. It is clear that eq. (ID12p - flD16P can be given by replacing A5 with — A5 in 



eq. dH-dSlD. 
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